In this note we provide a set of parameters for the Teichmüller space, of genus g ≥ 2, given by fixed points of some special set of generators for the uniformizing Fuchsian groups. Explicit computations are given in low genus. SUBJCLASS : Primary 30F40 30F60.
Introduction
Given a finitely generated Fuchsian group F , acting on the hyperbolic plane H = {z ∈ C : Im(z) > 0}, we have associated its Teichmüller space (see next section). If we denote by S the Riemann surface uniformized by F , that is, S = H/F , then this space parametrizes all Riemann surfaces structures, modulo homotopy, that the surface S may carry (preserving punctures and holes). It is well known that such a space is a real analytic simply-connected manifold of finite dimension [1] and that it can be identified to a component of a semi-algebraic set inside some R n [3] . In the present note, we proceed to obtain a global set of coordinates for the Teichmüller space of a co-compact Fuchsian group of genus g ≥ 2. These coordinates are given by fixed points of a special set of generators of the Fuchsian group and permit us to identify the Teichmüller space of genus g ≥ 2 with an explicit semi-algebraic set inside R 8g−9 defined by (2g − 3) polynomials. The particularity of this set of fixed points parameters is that no multipliers or traces are used. Another explicit parameters (involving traces or multipliers) can be seen in [7] , [6] , [10] , [8] , [9] , [11] , [12] , [15] , [17] and [19] , for instance.
The difficulty to read from the trace or multiplier the presence of parabolic elements makes sense to look for coordinates from which parabolic transformations can be readed. In fact, this will be the case if one wants to look boundary points in deformation spaces.
Description of the parameter space T g
To give the description of these parameters we need some notation. Set
• L 1 = (x 1 , s 1 , w 1 ) ∈ R 3 such that x 1 < 0 < 1 < s 1 < w 1 < u 1 ;
• L j = (w j , s j , z j , y j , x j , v j ) ∈ R 6 with w j < s j < z j < y j < x j < v j , for each j = 2, ..., g − 1;
• L g = (v g , x g , y g , z g , s g , w g ) ∈ R 6 with v g < x g < y g < z g < s g < w g .
Define the open set K g ⊂ R 8g−9 defined by the tupels
..., t 1 ) ∈ R 8g−9 so that w 1 < w 2 , v j < q j−1 < w j+1 , for j = 2, ..., g − 2,
v g−1 < v g and w g < t g−3 < t g−4 < · · · < t 1 .
Set the following real numbers:
u 2 = w 2 x 2 − y 2 z 2 w 2 + x 2 − y 2 − z 2 ;
for j = 3, ..., g;
;
Consider the following rational expressiones :
for g ≥ 4 ;
for g ≥ 3 ;
for j = 2, ..., g − 3 and g ≥ 5 ;
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for j = 2, ..., g − 4 and g ≥ 6;
Now we define the semi-algebraic set T g ⊂ R 8g−9 defined by the tupels in K g satisfying R 1 = R 2 = · · · = R 2g−3 = 0 and
In section 6 we proceed to show the following result. 
where
In section 8 we have also computed the above for the case of genus three Riemann surfaces.
We would like to thank the referee for her/his suggestions and in special for pointing us a mistake in the original statement of lemma 1.
Teichmüller Space
Let F be a finitely generated Fuchsian group that uniformizes a Riemann surface S = H/F . The surface S is obtained from a closed Riemann surface of genus g after deleting l points and k closed discs. We say that S or F has signature (g, l, k).
The Teichmüller space of F or S, denoted by T (S) or T (F ), is defined as follows. Let us consider the collection Hom f (F, P GL(2, C)) consisting of all faithful representations θ : F → P GL(2, C) so that θ(F ) is again a Fuchsian group of signature (g, k, l).
We say that two representations θ 1 , θ 2 ∈ Hom f (F, P GL(2, C)) are equivalent if there is a Möbius transformation A so that θ 2 (γ) = Aθ 1 (γ)A −1 , for all γ ∈ F . The set of equivalence classes is the Teichmüller space of F (or S). If we have that the group F is non-elementary and A, B ∈ F are so that F ix(A), F ix(B) and F ix(AB) are pairwise disjoint, then we have that each representation θ ∈ Hom f (F, P GL(2, C)) has a unique equivalent representation θ * so that a(θ * (A)) = 0, a(θ * (AB)) = 1 and a(θ * (B)) = ∞ (see next section for the definition of these values). In particular, in this situation we can think of the Teichmüller space of F as the set of normalized representations of F .
Sources for the real and complex analytic theory of Teichmüller spaces are W. Abbikof's book [1] and Nag's book [18] . A Möbius transformation has at least one and at most two fixed points. If the transformation has exactly one fixed point, then it is called parabolic. In the other case, if it is conjugated to a rotation, then we call it an elliptic transformation; otherwise, it is a loxodromic transformation. If B is a loxodromic transformation and p ∈ C a fixed point, then we call it attracting or repelling if B (p) < 1 or B (p) > 1, respectively. If one of the fixed points is infinity, then it is called attracting or repelling if the other fixed point is repelling or attracting, respectively. A loxodromic element has exactly one repelling fixed point and one attracting fixed point.
Fixed Points of Möbius Transformations
If B is a Möbius transformation different from the identity so that The following two results are the basic facts for the construction of fixed point parameters of Teichmüller spaces.
. Then the pair (A, B) is uniquely determined by the 6-tupel (r(A), r(B), r(AB), a(A), a(B), a(AB)).
Lemma 2. Let A, B and C be transformations in P GL(2, C) so that neither of A, B, C, AB has order two, and they satisfy CAC −1 = AB.
If any of two these transformations have a common fixed point, then the triple (A, B, C) is uniquely determined by the 6-tupel (a(A), a(B), a(C), a(AB), r(A), r(AB)).
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of Signature (0,0,3)
Let us consider a Fuchsian group F that uniformizes a triple holed sphere S. It is known that F has a set of generators A and B so that the axe of the transformations A, B and AB have a configuration, up to isometries of the hyperbolic plane, as shown in figure 1 . In that case, we have that the fixed points satisfy the following inequalities
As consequence of the proof of lemma 1, the multipliers of the transformations A, B and AB are given by:
,
We obtain that the Teichmüller space of triple holed spheres can be embedded into the open set
On the other hand, if we are given a tripe (x, w, u) ∈ V , then we may construct three simple geodesics L 1 , L 2 and L 3 inside the hyperbolic plane, so that L 1 connects x with 0, L 2 connects 1 with w and L 3 connects u with ∞.
Construct the geodesic lines Remark. In the boundary of V we have the following components:
We have that V 1 , V 2 and V 3 give us models for the Teichmüller space of a sphere with two holes and one puncture; V 1,2 , V 1,3 and V 2,3 give us models for the Teichmüller space of a sphere with two punctures and one hole; and V 1,2,3 is model for the Teichmüller space of a sphere with three punctures.
of Signature (1,0,1)
Assume we have a Fuchsian group F that uniformizes a genus one Riemann surface with a hole. It is well known that there is a set of generators A, B and C so that CAC −1 = AB. The axe of the transformations A, B, C and AB have a configuration as shown in figure 2 (up to isometries of the hyperbolic plane). In this case, we have a(A) = 0, a(AB) = 1, a(B) = ∞ and
As consequence of lemma 2, we have that the transformations A, B and C are uniquely determined as follows:
The relation CAC −1 = AB asserts that k A = k AB . This is equivalent to the equality u = wx w + x − 1 .
Inequality w < u is equivalent to w < 1 − x. Inequality r < 0 is equivalent to x <
In this way, we have that the Teichmüller space of a genus one surface with a hole can be embedded inside the open set
On the other hand, if we are given a triple (x, s, w) ∈ W , we may construct the values r and u as above. We proceed to construct the geodesic lines . We have then that C(x) = w and C(0) = 1. It follows that CAC −1 has attracting and repelling fixed points 1 and w, respectively. Since we have that k A = k AB , we have that CAC −1 = AB. As a consequence, the triple (x, s, w) is determined by a normalized represention of a Fuchsian group F of signature (1, 0, 1). In particular, the Teichmüller space of signature (1, 0, 1) is naturally identified to the open set W .
Remark. In the boundary of W we have the following component 
of Signature (g, 0, 0)
Now we can combine the two sections above to obtain a model, by fixed points, of the Teichmüller space of a surface of genus g ≥ 2.
Let us consider a Fuchsian group F of genus g ≥ 2 acting on the hyperbolic plane H. We may find a set of generators
.., A 2g−2 and B 2g−2 , so that
.
Up to conjugation, we may assume that a(A 1 ) = 0, a(B 1 ) = ∞ and a(A 1 B 1 ) = 1. In this way, the other fixed points must satisfy the following inequalities (see figure 3) :
Relations in (1) give us the following for i = 1, ..., g:
The equalities (2)-(7) are equivalent (in our situation) to the equalities of the respective multipliers. We proceed to write down them. Equality (2), for g ≥ 4, is equivalent to:
Equality (2), for g = 3, is equivalent to:
Equality (2), for g = 2, is equivalent to:
Equality (3), for g ≥ 4, is equivalent to:
Equality (3), for g = 3, is equivalent to:
Equality (4) is equivalent to:
Equality (5) is equivalent to:
Equality (6), for j = 2, ..., g − 3, is equivalent to:
Equality (6), for j = g − 2 is equivalent to:
Equality (7), for j = 2, ..., g − 4, is equivalent to:
Equality (7), for j = g − 3, is equivalent to:
In this way, we obtain (8g − 9) fixed points that determine the others, and are related by the (2g − 3) equations comming from relations (2)- (7). This gives us the (6g − 6) real parameters as corresponds for describing the Teichmüller space of F . As a consequence of this, we have that the Teichmüller space of signature (g, 0, 0) is embedded in the open set T g (as defined in the first section).
To obtain that every tupel in T g is determined by some normalized representation of a Fuchsian group of signature (g, 0, 0), we use the constructions used above together the Klein-Maskit combination theorems [16] . To be more precise; for each tupel (L 1 , ..., L g ) in T g (as defined in the first section), we proceed to construct the the values u j , r j , k C j given by the formulae in ( * ), for all j = 1, ..., g. Now we construct the transformations A j , B j and C j so that
Each pair (A j , B j ) produces a group of signature (0, 0, 3). The equations we have, from (2) to (7) above, permit us to use the firts Klein-Maskit's combination theorem for gluing all the above groups to produce a group of signature (0, 0, 2g).
The values of r j and k C j make possible to use the second KleinMaskit's combination theorem to produce a group of signature (g, 0, 0) as desired.
Genus Two
In this section we consider the information obtained in the last section for the particular case of genus two. We follow the same notation as last section.
Let us consider a Fuchsian group uniformizing a genus two surface. It has generators A 1 , B 1 , C 1 , A 2 , B 2 , C 2 , and relations
= A 2 B 2 and B 1 = B 2 . We assume as before that a(A 1 ) = 0, a(B 1 ) = ∞ and a(A 1 B 1 ) = 1.
In this case, we have that (see figure 4 ):
formed by the 6-tupels (x 1 , s 1 , w 1 , y 2 , s 2 , w 2 ) satisfying the following inequalities:
where z 2 is as before.
Genus Three
Let us consider the particular case of genus three Riemann surfaces. A genus three Fuchsian group is generated by transformations
Up to conjugation, a(A 1 ) = 0, a(A 1 B 1 ) = 1 and a(B 1 ) = ∞. The fixed points of the above transformations satisfy (see figure 5 ):
Equalities in (i) gives us the values:
Equality B 1 = B 4 is equivalent to:
Equality B 2 = A 4 B 4 is equivalent to:
Equality A 4 = B 3 is equivalent to:
As consequence of the above, we have that the set T 3 is defined by the 15-tupels: s 1 , w 1 , w 2 , s 2 , z 2 , y 2 , x 2 , v 2 , v 3 , x 3 , y 3 , z 3 , s 3 , w 3 ) ∈ R 15 so that
< w 3 , satisfying the extra inequalities:
and satisfying the above rational equations. In this case, the transformation AB has the following matrix representation:
Since 1 is a fixed point of AB, we have the equation:
The facts y = 1, y = 0 and k 2 = 0 imply that k
The fixed points of AB are the roots of the quadratic polynomial in w:
and (since z = 0)
The equality of the RHS of ( * ) and ( * * ) gives us the following equation to be satisfied by k 
The solutions to this equations are by 1, −1, k 1 and − k 1 , so we obtain:
(II) B is parabolic and A is not parabolic. In this case A and B have the following representation:
where either k
, θ ∈ (0, 1/2) and a = 0. We need to see that a and k 2 2 are uniquely determined by the values y and z.
In this case, AB has the following matrix representation:
The fact that 1 is a fixed point of AB gives us the equation:
where either k The transformation AB has the following matrix representation:
The fact that 1 is a fixed point of AB implies the following equation: 
The fixed points of the transformation AB are the roots of the quadratic equation in w:
) bk 2 1 , and ( * * ) k
The equality of the RHS of ( * ) and ( * * ) gives the following equation to be satisfied by b: Remark. In the proof of lemma 1 we didn't use the fact that 1 is attracting fixed point of the transformation AB. We only used that it was just a fixed point of it. By considering this condition, we will have some inequalities to be satisfied by x, y and z. Moreover, by writing out the inequalities satisfied by the multipliers k 1 and k 2 will give us some extra inequalities on them. All these inequalities will give the reciprocal of lemma 1, that is, to describe the set of parameters for which it is possible to reconstruct (uniquely by the above) the transformations A and B. Since this is not necessary for the work in this note, we skip to write such a reciprocal.
Proof of Lemma 2
Relation CAC −1 = AB is equivalent to the following equalities: 
